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Problem:

Given aligned biological sequences, presumed to have alisana
common ancestral sequence, infer their evolutionary history.

o o T 9

O

o
o T
() (@x

o
o

root location? sequences at internal nodes? edge lengths?rigpésa
of mutation process along edges?
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Example:18S ribosomal DNA sequences, Insects

Strepsiptera AAGCTCATTAAATCGCTTTGGTTCCTTAGATAGTTGGATAACTSGAGTAAT
Aedes AGGCTCAGTATAACACTATAATTTACAAGATCATTGGATAACTGEGAGEAAA
Drosophila AGGCTCATTATATCATTATGGTTCCTTAGATCGTTGGATAACTGGAGTAAT
Flea TGGCTCATTATATCATTATGGTTCATTAGATCGTTGGATAACTABAGTAAT
Scorpionfly TGGCTCATTACATCATTATGGTTCCTTAGATCGTTGGATAACTGGGGTAAT
Lacewing AGGCTCATTATATCATTATGGTTCCTTAGATCGTTGGATAACTGGAGTAAT
Antlion AGGCTCATTATATCATTATGGTTCCTTAGATCGTTGGATAACTGBGAGTAAT
Sawfly TGGCTCATTAAATCATTATGGTTCCTTAGATCGTTGGATAACTGGAGTAAT
Meloe AGGCTCATTAAATCATTATGGTTCCTTAGATCGTTGGATAACTEGAGTAAT
Polistes TGGCTCATTAAATCATTATGGTTTCTTAGATCGTTGGATAACTABAGTAAT
Tenebrio AGGCTCATTAAATCATTATGGTTCCTTAGATCGTTGGATAACTEGAGTAAT
Cicada AGGCTCATTAAATCATTATGGTTCCTTGGATCTTTGGATAACTGEGAGTAAT
Cercopid AGGCTCATTAAATCATTATGGTTCCTTAGATCGTTGGATAACTEGAGTAAT

of length 770 sites, Neighbor Joining leads to....

Whiting, M.F., J.C. Carpenter, Q.D. Wheeler, and W.C. Wheeler. Syst. Biol. (1997) 46:1-68.
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Probabilistic model of molecular evolution:

AACGT..

CAGC... ARGC.. ATTGT...

Description of process & single site
Basesl;2;:::; (For DNA, A;C;G;T 1;2; 3;4)
P
);
On each edge, Markov matrix M give probs. of base substitutions,

Me(i;) )= P(j atendj i at start)

This is thegeneral Markov modgl GM | on the tree  T.
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GivenT, ,fMeg, computejoint distribution of bases at leaves
E.g., GAA 311
X X

P311 = iM1(1;] )M2a(]; 3)M3(); 1)M4(l; 1)
i=1 j=1

P=(pj)Iisad 4 A4tensor

eachpjk Is polynomial in parameters.
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For T with n leaves, sequences withbases

:CcN1oC
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A biological inference problem:
From aligned sequence data, rst estimate joint distribution tems

P = (pik:: ) by counting occurrences of base patterns.

A ACA
A ALCA
A ACA
A ACA

bAAAA =3=17, bACCT =1=17;:::

Then use the estimatd to infer the topology of the evolutionary tree
T, assuming a model such as GM.

Note that noneof T, , f Mg are known; but biologists care most
about T.
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A mathematical problem:

Since 1 Is polynomial, extend to a polynomial map

n

:cN1ooC

Usealgebraic geometryo understand the image, th@hylogenetic
variety,

Vr = 1 (CV):

Since " >>N , the pattern frequencie@;, Wwill satisfy polynomial
relations. These equations are calletlylogenetic invariant®r model
invariants for(T; GM ).
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Finding invariants!  nding an implicit descriptionof V7,
r:CN1oovy CF
l.e. nding the kernel of
T :Clpozo; P ]! Clsi; isn]
ker 1 =1+t phylogenetic ideal,

the ideal of polynomials ipg.-o;:::;p-. Vvanishing forall choices of
(complex) parameters.
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Only one invariant is easy to see { stochastic invariant
X
1 Pijki
ijki

For small trees other invariants can be determinemmputationally

Typically they are of and of the tree
T and
Ex: GM model, =4, for 3 or more leaves, lowest degree invariants

are of degreéb, 180 summands....
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In 1987,
Cavenderand Felsenstein(JC)
Lake (K2P")

proposed using invariants for phylogenetic inference.
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ldea is to evaluate invariants at pattern frequencies in aligned
sequences (data):

a: A ACA
b: A ACA
c: A ACA
d A ACA

Pasaa = 3=17; Pacct = 1=17;::

If T, GM, are the correct tree and mutation model relating the
sequences, the® P = (s) 2 Vr, for some parameters.

Forf 2 1+,f(P)=0, sof (B) 0O
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Implementation:

Find invariants
return tree for which®\ 2 " V¢ (as best possible)

Method is statistically consistent.

More generators of v in hand! Improved tree inference.

Issues:
Invariants will not be identically zero, only close to zero
statistical issues ( nite length sequences, imperfect model)

algebraic issues (evaluation at points Vr,
precise form a ects \near" vanishing)
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Basic Problem:

For any xed treeT and , nd all invariants.

Ad hoc methods
Gmbner basis techniqguesn small trees, simple models

Recent work to be described...
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There are manyariationson the model |

Number of bases:
., DNA A T;C:; G
, purine/pyrimidineR = fA;Gg;Y = fC;Tg

, proteinsare sequences built from 20 amino acids
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Special forms for ;fMgg
Jukes-Cantor

= (:25 25 25 :25),

0 1
1 = _ _
M.= B 3 - 3 3
3 3 1 3
3 3 3 1
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Kimura (group-based) model

=(:25 25 :25 :25),

0 1
1

W :
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For these models, work cf , \
recognized role of Fourier transform

(Hadamard conjugatiohn

Then recognized this means that the varie¥; is
toric, and completed determination of the ideé&t .
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For GM mode]
=2 ideal is known(AR),

> 2 Is partially understood AR).
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Example =2, GM
P,a2 2 2 2 2array,

P has two natural attenings according tosplits in the tree:

ff a;1;a.0;fas; a4; 8599, and ff ag; ay; azg; fas; asgo.

The correspondingattenings are

Pooooo  Poooor  Poooio Poooir  Pooioo Pooior Pooiio  Pooiii
Po1000 Po1001 Po1o10 Po1011 Po1100 Po1101 Po1110 Po1111
P10000 P10001 P10010 P10011 P10100 P10101 P10110 P10111

P11000 P11001 Pi1010 Pi11011 P11100 P11101 P11110 P11111
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and

P 00000 P 00001 P 00010 P 00011
P 00100 P 00101 P 00110 Poo111
P 01000 P 01001 P 01010 P 01011
P 01100 P0o1101 P01110 Po1111
P 10000 P 10001 P 10010 P10011
P 10100 P10101 P 10110 P10111
P 11000 P11001 P11010 P11011
P 11100 P11101 P11110 P11111

Theorem(Conjecture of Pachter-Sturmfels For =2 the ideal

|+ = 1 (V1) of phylogenetic invariants for GM model on thisis
generated by alB 3 minors of these two matrices, and similarly for
other trivalent trees.
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ldeas behind this and related theorems...
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For any , if T has 3 leaves

k
-
k
Vr=V(;55 )
X
Pk = (Ma(l1)M2(15 ) )M 3(l; k)
I
But Mc(l; )2 P 1, so
V(:;; )=Sec(P * P 1t P D

= tensors of rank

This makes the problem classical | but doesn't solve it.
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Known
V(2;2;2;2) = P’, de ning ideal is(0)

V(3;3;3;3), ideal is generated by 27 quarticsonstructed by
: , shown to generate by
(computationally)

V (4; 4, 4;4), ideal requires 1728 quinticg ;

), constructed in , also some degree nine
generators are needed, constructed by 7 others?
Many + 1 degree invariants foW ( ; ;; ) were constructed

by
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Similar model on star treewith more leaves are also of interest for
other statistical models.

4
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Conjecture( )s The full ideal de ning
V(2;11;::::1) = Sec(P'r 1 phh 1
IS the sum of the ideals de ning
V(Zlida Ik lksr  In) =Sec(P P )

(with permutations of thel;).

l.e., the ideal is generated b$ 3 minors of 2-d attenings of a
F |, tensor.

|4...|n |l|2|3

l4
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Example V(2; 3;4,5)
A3 4 5tensor attens 3 ways: to3 20,4 15 and5 12
matrices.

All 3 3 minors of these three matrices generate the ideal.
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Previous results on GSS conjecture:
checked small cases computationally, 5.

(via ): n =3 case

Theorem(AR): If GSS holds foV (2;2;2;:::;2), it holds for

Corollary The GSS conjecture holds for 5.

Thus explicit generators can be given for the ideal vanishingloe
secant variety of the Segre product of up to 5 projective spaces.

Mega 2005/Phylogenetic Varieties Slide 29



This is a special case of

Theorem(AR): If Iq;1;::05 1, , then generators of the ideal
de ning V( ;lq;l2;:::;1,) can be explicitly constructed from
generators of the ideal deningy ( ; ; ;:::; ).

Mega 2005/Phylogenetic Varieties Slide 30



A glimpse of the proaf Observe that

V(lisla ) zaM o, = V(g lasls);

V(I lasl3) sa M, = V( ll )

HereM,, , denotesm n matrices, and 3.; denotes matrix
multiplication' in the 3 and 1 indices.

Get maps between ideals, related &L (13)-action, and careful use of
basic representation theory gives result.
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Back to general treesn-leaf T

topology | but we can hope the ideal
(or set-theoretic de ning polynomials) can be described in tarof
local structureof T.
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How can local structure give ideal?

Place root onedgeof T. Then "collapse' tree, to a coarser' model
V( - M. N m).

V(; ™ " ™M=Sec (P ' P "1

= M N M matrices of rank

Thus ideal generators are known for this modél:+1) ( +1)
minors. These polynomials, thedge invariantsvanish onVs.

Mega 2005/Phylogenetic Varieties Slide 33



Similarly there arevertex invariants

Coarse model av givesV( ; "t; "z2; N3) again

Mega 2005/Phylogenetic Varieties Slide 34



Two main results

Theorem For any , givenset-theoreticde ning polynomials of
V(;;; ),we can explicitly construcset-theoreticde ning
polynomials forvy for GM model on any trivalent tred .

edge-invariants = matrix rank condition,

SO can decompose tensor iy into product of tensors from smaller
trees.
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Theorem For =2, the ideal de ningV+t Is generatedoy edge
Invariants i.e., by3 3 minors of edge attenings of the
n-dimensional joint distribution tensor.

First, ideal forV (2; 2; 2; 2) is (0), so generators foW (2;2"1; 2"2; 2N3)
are just edge invariants.

More importantly,V (2;2;2;2) = M, 4, SO

V1 = V7o V(2,2,2,2): Vo My 4
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Outstanding questions for GM:

Determine idealor even set-theoretic de ning polynomialgpr
V(4;4;4,4) = Sec’(P® P® P®), or more generally fov'( ; ;; )
when 4,

Determine ideafor V; for =4, or more generally 3, for
arbitrary T.

Determine idealor even set-theoretic de ning polynomialgpr

V(2:2:2:2;::::2) = Sec(P! PhH

for 6 or more leaved?is.
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Other models also need analysis and results short of determining
iIdeal can be valuable.
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Covarion model

AOH.AO .COI’].CO .GOI’].GO .TOH.TO

A:C:G:T

Me = exp(Qt) whereQ is8 8 rate matrix of special form

This model isbelieved to bemore biologically realistic

Mega 2005/Phylogenetic Varieties Slide 39



Algebraic viewpoint leads to

Theorem The topology ofT is identi able from a generic joint
distribution tensor arising from the covarion model, using odlaxon

comparisons

(This is important for showing the Maximum Likelihood statistica
method is consistent for the covarion model.)
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GM+| model

2 classes of sites, one mutates according to GM, other is Invariapl

which sites are in which class| sizes of classes

Theorem The topology ofT is identi able for GM+I using 4-taxon
(and no fewer) comparisons. An explicit rational formula ggvfraction
of invariable sites
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and many other models

Stable base distributiorf AR)

Symmetric Strand mode{ interesting amalgam of
group-based/GM models$
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