Math 422 Intro to Complex Analysis (Bueler/Mikhailov) April 8, 2008

Solutions to Midterm Exam #2

1 Suppose f(z) = u(z,y) + iv(z,y) is analytic in an open set. Use the Cauchy-Riemann equations
to show that the real part « is harmonic, that is, uz, + uyy = 0. What assumptions, if any, are
necessary for your derivation to be correct?

Proof. We know that since f(z) is analytic, partial derivatives of u, v exist and satisfy CR equations:

um(xay) = Uy(xvy)v uy(xvy) = _Ux(xvy)'

Assuming that there exist second derivatives of u,v, we can differentiate the first equation with
respect to x and the second equation with respect to y:

Uzz(x7y) = Uyz(xay), uyy(xay) = 7’Uzy(x>y)'

Since vyy = Ugy, we derive that ugy, + uyy = 0.

For now we must assume that the second derivatives are continuous, so that vy; = vy, to make
this argument work. (Later will see that this is not necessary to assume; the fact that f is analytic
actually implies that it has continuous derivatives of all orders.) (I

2 Compute log(—1).

Proof. log(—i) =log(1-e"2)=Inl+i (=% +2n7) =i (-3 + 2nn), for n € Z. O

8 Explain why [, f(2)dz = — [ f(2) d=.

Proof. By definition, when we have parametrization of contour C' by the function z(t), ¢t € [a,b],
then the contour —C' is parametrized by z(—t), t € [—b, —a] (or, equivalently, z(b+a—t), t € [a,b]).
On the other hand

/Cf(z)dz:/abf(z(t))z’(t) dt.

Using the definition of integral and changing variable we have

[ r@ae= [ reengacna=— [ oo
—_C —b b
=t [* 2(1))2 (1) dT = — b 2(7))2 (1) dr = z)dz
= [ e == [ e = [ 1)

(If the formula “2(b+a —t), t € [a,b]” was used for —C then the substitution is T =b+a—t.) O

4 Show that exp(z) is real if and only if Im z = n7 for some integer n.

Proof. If z = x+1iy then the representation e* = e®(cosy +isiny) implies that e? is real if and only
if siny = 0. This holds if and only if Imz =y = nm, n € Z. (]

5 (a) Define “cosz” if z is a complex number.

e

Definition: cosz =

(b)  Show that cosz = coszcoshy — isinxsinhy if z = x + dy.



Proof. We use the formula cos(x + iy) = cosx cosiy — sinzsiniy. Note that cosiy = coshy and
sindy = isinhy, we get cos(x + iy) = cosx coshy — isinx sinh y. O

6 (a) Show that f(z) =exp(Z) is not analytic at any point of the complex plane.

Proof. Let us rewrite our function as f(z) = e = e®cosy — ie*siny. Thus u(z,y) = €®cosy,
v(z,y) = —e”siny. The C-R equation u, = v, is only true when e” cosy = —e® cosy. This implies
cosy =0, ory =3 + km, k € Z. The other C-R equation u, = —v, is only true when —e®siny =
e*siny. That is, siny = 0 or y = k7, k € Z. The conditions cosy = 0 and siny = 0 cannot hold
simultaneously. Thus, the C-R equations are satisfied nowhere and the function f(z) = exp(z) is
analytic nowhere. 0

(b) Let C be the contour given by the parameterization z(t) =t +4(1 —¢t) for 0 <t < 1. For the
function f(z) in part (a), compute [ f(z)dz.

Proof. We have z(t) = x(t) +iy(t) =t +i(l —t),s0 z(t) =¢, y(t) =1 —1t, 2/(t) = 1 — i and we can
evaluate:
1

1 1
/ e dz = / e“"(t)*iy(t)z’(t) dt — / etfi(lft)(l —i)dt = e—i(l . i)/ ot (+1) gy
c

0 0 0

= 671-71 — Z:et(lﬂ)} 1o Z:(e —e ).
1+ o 1+1

([
7 (a) State the definition of “2¢” for z and ¢ complex numbers (and z # 0).
Definition: 2¢ = e¢1°87,
(b)  Find the principal value of (1 + 4)%.
Proof. We know that 1+ = v/2ei%. Then (1+44)% = e4iLog(1+i) — 4iLog(v2e'™") — cdi(inv2in/4) —
e—7‘r+2i 1112- 0
(c) Show that (2°)" =z ifn=1,2,3,....
Proof. Using the definition of z° twice, we get (2°)™ = (e° 1°gz)n = eenlogz — yen, O

8 (a) Find an antiderivative of f(z) = 1/2%. Is this antiderivative multi-valued? Can an
antiderivative ever be multi-valued according to the definition in the textbook?

Proof. An antiderivative of f(z) = 2% in C\0 is F(z) = —1. It is analytic except at z = 0 and
single-valued. Antiderivatives of any function, if they exist, must be single-valued functions by
definition. 0

(b)  Suppose C is the circle z = e, —7 < 6 < . Compute [, %.

Proof. Since f(z) = % has an antiderivative F'(2) as above, and because —1 = (=™ = ¢'™ at both
ends of the contour C,

/ 9 _ p(-1) - F(-1) =0,
C

22

Extra Credit See separate note.



