Math 422 Intro to Complex Analysis (Bueler/Mikhailov) April 28, 2008

Selected Solutions to Assignment #9

Exercise 1d (page 162 of B&C). Evaluate the integral [, coshz g,

24
SOLUTION. Let f(z) = coshz. Then

cosh z cosh z 271 271
_ _ (3) _ : _
/C i dz-/(j(o_z)4dz— i f(0) = i sinh 0 = 0.

Exercise 4 (page 163 of B&C). Let C' be a simple closed contour, show that

(w) = / 23+722 ds — 6miw, if w is inside C,
g c(z—w)3"" 0, ifwisoutside C

SOLUTION. If w is outside C' then the function F(z) = ('ffw%zg is analytic inside the contour

C, and according to C-G theorem, integral is zero. If w is inside C, and if f(z) = 23 + 2z,

then we can evaluate: 5
2 271
/ Lzsdz = "(w) = 6miw.
o (z—w) 2!

Exercise 7 (page 163 of B&C). Let C={z=¢"| —7 <0< 7}
a) Show that for any a € R, fC % dz = 2mi.
b) Derive [/ e*“*% cos (asinf) df = .

SoLUTION. First,
(&

az eaz
—dz = / dz = 2mie**| ,—g = 2mi.
c z c (z—=0)
On the other hand, using parameterization z = €',

1
c < —7 e’ -7

:i/ €% cos (asin 6) d9—/ e*“*%sin (asin ) d6.

-7 -7

az ™ aeie i m L. s
Cdx= / £ _iet? dg = 2/ ealcosOFisin) g — z/ e*“*? (cos (asin @) + isin (asin ) db

Equating the imaginary parts we have that

—Tr

/ <Y cos (asin ) df = 2/ %% cos (asin ) df = 27
0

as desired. (Equating real parts gives ffﬁ e?<*89sin (asinf) df = 0.)
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Exercise 1 (page 171 of B&C). Let f be an entire function such that |f(z)| < Alz|, A >0
for all z. Show that f(z) = a1z, a1 € C.

Proof. Let us consider the function f(z) in the disk Dr = {|z| < R}. Then it is analytic
inside the boundary of the disk Cr and max.cc,, | f(2)] < AR. By Cauchy’s inequality,
7)< 28E
Since the constant R in the above inequality can be chosen arbitrary large, we conclude that
f"(z) = 0. Therefore f(z) = az + b for some a,b € C. Applying the inequality |f(z)| < Alz]
with z = 0, we obtain that b = 0. So f(z) = az. O

for all z € Dg

Exercise 6 (page 172 of B&C). Let f(z) = (2 + 1)? and R is a triangle with vertices
{0,2,7}. Find points where |f(z)| has its maximum and minimum values.

Proof. We observe that |z|> = |22|, and using this, we can rewrite
1f(2) =z +1)? = |2+ 1%

So, the function |f(z)| can be interpreted as the square of the distance between points —1 and
z. From a picture it is clear that for z in R, the function |f(2)|, has its minimum at z = 0
and maximum at z = 2. O

Exercise 10 (page 172 of B&C). Let 2y be a zero of the polynomial P(z) = ap + a1z +
asz? +...+anz", ap, # 0. Show that P(z) = (2 — 20)Q(2) for some polynomial Q(z) of degree
n— 1.

Proof. Direct calculations show that for all £ € N
(1) Kb = (= 2) (T 2+ zzg_Q + zg_l) = (z — 20)Qx(2)
Indeed, evaluating the right hand side of the above equality, we get:

(z—20) (2P 2P 220 4 4 222 4 20

k—2_2 2 _k—1 k—1 k—2_2 k=1 _k

:zk—I—zk*lzo%—z 25+ ...+ 272 tzzy T — —zp_120— 2 T2y —...— 2z  — 2

=2k — zg
Taking arbitrary point zy (not necessarily root of polynomial), we have

P(z) — P(2) = a1(z — 20) + ag(2? — 25) +a3(2® — 28) + ... + an (2" — 2B)
To each item in the above expression we apply formula (1) and have that

(2) P(z) — P(z0) = a1(z — 20) + az2(z — 20)Q2(z) + a3(z — 20)Q3(z) + ... + an(z — 20)Qn(2)

where Qx(z) is a polynomial of degree k — 1, given by the second factor in (1). Thus in (2)
we can factor out (z — z9) and get

P(2) — P(20) = (2 — 20) (a1 + a2@Q2(2) + a3Q3(z) + ... + anQn(z)) = (z — 20)Q(2).

We see that by construction the degree of Q(z) is at most n — 1, and choosing zy to be the
root of P(z), we get the desired factorization formula.

O



