Math 422 Intro to Complex Analysis (Bueler) April 1, 2008

Selected Solutions to Assignment #6

Exercise 2 (page 78 of B&C). Suppose v and V are both harmonic conjugates of w.
Then v =V + const.

Proof. Using Cauchy-Riemann equation u, = v, = V,, we get that

U(x7y) = V(x7y> + C(l’) +c1.

Using the second Cauchy-Riemann equation u, = —v; = —V, we get that
v(z,y) = V(z,y) +d(y) + du.
Thus ¢(z) =0, d(y) =0, ¢; = d; and v(z,y) = V(z,y) +C O

Exercise 5 (page 78 of B&C). Let f(z) = u(r,0) + iv(r,0) be analytic in a domain D
that does not contain the origin. Show that in D the function wu(r,#) satisfies the partial
differential equation

72U (1, 0) + T, (1, 0) + ugg(r, 6) = 0

Proof. Differentiating the Cauchy-Riemann equation ru, = vy (in polar coordinates) with
respect to r we get

(1) Up + TUpyp = Vgp

Differentiating the second Cauchy-Riemann equation in the polar coordinates wg = —rv,
with respect to 0 we get

(2) gy = 104,

Equating expressions for vg, from (1), (2) we obtain

U
Up + TUpy = _ﬂv
r
as desired.
Note that v also satisfies the same equation, which is to say it is also harmonic. O

Exercise 3 (page 89 of B&C). Show that the function f(z) = €7 is not analytic any-
where.

Proof. Rewrite f(z) = e* = " cosy — ie* siny. Therefore u(z,y) = €* cosy and v(z,y) =
—e”siny. The Cauchy-Riemann equation u, = vy is e* cosy = —e” cosy. This is true only
when cosy = 0, or y = 5+km, k € Z. On the other hand, u, = —v, says —e”siny = e*siny.
This equations holds if and only if siny = 0, or y = km, k € Z. The coordinate y cannot
have both these properties.

Therefore the Cauchy-Riemann equations are satisfied nowhere. By the theorem on page
62, or more precisely by its contrapositive, the function is differentiable nowhere. It is
analytic in no open set. [l
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Exercise 10 (page 89 of B&C). (a) Show that if e® is real, then Im z = nw, n € Z

Proof. The representation
e® = e cosy + ie” siny,
implies that e is real if and only if siny =0, so Imz =y = nmw, n € Z.

(b) Identify restrictions on z such that e is pure imaginary.

Proof. The representation
e® = e cosy + ie” siny,

implies that e? is pure imaginary if and only if cosy = 0. This holds if and only if Im z =

y=7%+nm,ncl

Exercise 3 (page 94 of B&C). (a) Show that Log(1 +i)? = 2 Log(1 + i)

Proof. We rewrite in polar coordinates:
14+i=+2eT, (1+414)% =22
By the definition of Log;:
Log(1 +4)? = Log(2¢'3) = In2 + zg

2TLog(1+ i) = 2Log(vV2e'7) = 2Inv/2 + 21'% —In2+ zg
(b) Show that Log(—1+ )% # 2 Log(—1 + i)
Proof. Polar coordinates:
—14i=V2e'T, (—14i)2=—2=2e3
By the definition of Log:
Log(—1+14)? = Log(2¢3) = In2 — i,
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2Log(—1+1i) = 2Log(\/§ei3f) =2InvV2+ 21’% =In2+i.
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Exercise 8 (page 94 of B&C). Suppose that the point z = x + iy lies in the strip
a <y < a+ 2rx. Show that when the branch logz = Inr +1i6, r > 0, a < 0 < a+ 27 is

used, log(e?) = z.
Proof. For the point z in the strip we have

loge® = log e®™™ = Ine” + i(Arge® + nr)

where n is such that o < Arge” + nrw < o + 2m. But if it is so, Arge” + nm =y, and

loge® =z +iy = 2.



