Math 422 Intro to Complex Analysis (Bueler) May 6, 2008

Selected Solutions to Assignment #10

Exercise 3 (page 181 of B&C). Show that if lim,,_, 2, = z then lim,,_,o |z,| =
2]
Proof. We use the inequality
lla| = (b <la—b], a,beC
with a = z, b = z:
||z = [znll < |2 = 2n].
Now let € > 0. Because lim,, . 2, = 2, there is an N so that for all n > N we have

|z — zn| < €. The above inequality shows that ||z| — |z,|| < |z — zn| < €. (We are now
done, by definition.) O

Exercise 4 (page 181 of B&C). Derive formulas

0 2 0 .
n rcost —r " rsin 6

g r" cosnbf = g r"sinnf =

n=1 n=1

1—2rcosf +r2’ 1 —2rcosf + r2

Proof. We write z = e’ and note that

o0

1 z
1 n: —1:
(1) ZZ 1—=z2 1—2z

n=1

We can rewrite the left hand side of the above equality

o0 [e.9] [e.9]
(2) Zz”:Zr”cosnﬁ—i—in"sinnG
n=1 n=1 n=1

For the right hand side of (1) we have:

(3) z  rcosf+irsinf  (rcos@ +irsinf)(1 —rcosf +irsinf)
1—2 1—rcosf—irsinf (1 —7rcosf)? +r2sin® 0
rcosf — r? ) rsinf

1—2rcosf +r? Tz 2r cos 6 + r?
Equating the real and imaginary parts of (2) and (3) we obtain desired result. O
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Exercise 9 (page 182 of B&C). Let 2, — 2z as n — oo. Show that there exists
M > 0 such that |z,| < M.
Remark. Here are two reasonable proofs, either of which is fine.

Proof. Since z, — z, there exist ng > 0 such that |z — z,| < 1 if n > ng. Then we
have
ol = |2+ (2= 20)| < 2] + |2 — 2] <2l 41, 0> np.

So, if we denote I = max |z,| we have that
0<n<ng

|zn| < max{|z| + 1,1}, n=>0.
U

Proof. We know that z, = x, + iy, where z, — z, y, — y as n — oo. From real
analysis we know that there exist N, K > 0 such that |z,| < N, |y,| < K for n > 0.

Thus we get
lzn| < Vi +y2 < VN2 K2, n>0.

O

Exercise 2 (page 189 of B&C). Obtain the Taylor expansion for f(z) = e* around
point 1.

Remark. Here are two methods.

Method A. Note that f((z) = e so f((1) = e. Using the general formula a, =
™ (29)/n! for the Taylor series coefficients, we get

o0 ¢(n) X (1)
ez:Zf (1)(2:_1)71262( 1)

| |
. mn.

Method B. We can rewrite ¢ = e e*~! and expand the last factor using the Maclaurin

series for e*: .
z—1)"
R SYEES)
n!
n=0

Exercise 8 (page 189 of B&C). Expand cos z into a Taylor series about the point

™
2025.

Proof. We use the identity cos z = —sin (z — §) and obtain

> (_1)71(2,_%)211—&-1 o (_1)n+1(z_

™
N - j
cos z = —sin (2 2) nzzo (2n +1)! 'r;() )




