Math 421 Applied Analysis (Bueler) November 12, 2004

Selected Solutions to Assignment #8
Total of 18 points.

Exercise I: (6 pts) I give only the high points
SEPARATION-OF-VARIABLES.

2T// X
u(z,t) = X(x)T'(t) and PDE = A=
T X
EIGENVALUE PROBLEM AND ITS SOLUTION.
X' 4 XX =0, X(0) =0, X(L)=0 = )= ‘7% X;(z) = sin(jrz/L).

T(t) PROBLEMS AND ITS SOLUTION.

C2T// + /\2T -0 _— T(t) =0 cos()\t/c) + ¢ sin()\t/c).

EXPANSION. .
laj cos(Ajt/c) + bjsin(A;t/c)] sin(\;x).
j=1
ORTHOGONALITY.
L 0, j#k
/ sin(Ajz) sin(A\yz) do = L’ j 7k,
0 92 J = k

HOMOGENEOUS INITIAL CONDITION.

0=u(z,0)= Z laj -1+ 0b;-0]sin(\;z) — a; = 0.
j=1
NON-HOMOGENEOUS INITIAL CONDITION.

2c [* ‘
g(x) = Zb sin(\;z) = bj = = i g(x)sin (]W—x) dx |.

FINAL ANSWER.

= bysin (J_Lt) sin (‘%)
j=1

along with the boxed formula for b;.

Exercise II: (Not graded.)
SEPARATION-OF-VARIABLES.

u(z,t) = X(x)T'(t) and PDE = ==
EIGENVALUE PROBLEM AND ITS SOLUTION.
X"+X2X =0, X(0) =0, X'(1) =0 = A= (25—Dm, X;(x) =sin(\jx),j =
T'(t) PROBLEMS AND ITS SOLUTION.

T+ NT =0 — T(t) = c1 cos(At) + cosin(At).

1,2,3,....



2

EXPANSION.

Z aj cos(Ajt) + b sin(A;t)] sin(A;x).
7j=1

ORTHOGONALITY.

1 0, 7#Kk
/ sin(\jx) sin(A\gz) do = ¢ | ‘7 7k,
0 = 7=k

2
HOMOGENEOUS INITIAL CONDITION.

0=u(x,0) =Y [—a;A;- 0+ b;); - 1] sin(\;z) — b; = 0.
j=1
NON-HOMOGENEOUS INITIAL CONDITION.
00 1
5cos((m/2)x) = u(z,0) = Zaj sin(\;x) = a; = 10/ cos((m/2)z) sin((2j—1)wx/2) dx
j=1 0
ACTUAL INTEGRAL COMPUTATION.  Using cosasinb = 3 (sin(a + b) — sin(a — b)),

/0 cos(mz/2) sin((2] — 1)mz/2) da — % /0 sin(2j ) — sin(2(1 — ) 2) d

_ 1 / sin(jrz) + sin((j — 1)wz) dz

2
1) -1 jodd,
T |5t j even.
FINAL ANSWER.
u(zx,t) Zm cos((2j — 1)wt/2)sin((2j — 1)mx/2)

7j=1
where n; = 771 if j is even and n; = (j — 1)~ if j is odd.
The question was intended to be simpler, with u(x,0) = 5sin(wx/2). With the actual initial

condition, the request “Sketch u(z,t) at several times” is impractical, as well as the request
to give a physical interpretation.

Lesson 7, # 1: (Not graded.) Answer in back of text.

Lesson 7, # 2: (3 pts) First, p(z) = 1, g(z) = 0, and r(x) = 1 in the text’s form of the
Sturm-Liouville problem. Second, a standard computation gives
(Note: The text uses “N” where I tend to write “N?” in class. The solution here matches the

problem statement in the text, of course.)

Lesson 7, # 3: (6 pts) [Recommendation: read solution to #4 first.]
SEPARATION-OF-VARIABLES.

u(z,t) = X(x)T'(t) and PDE — —=-A=



EIGENVALUE PROBLEM AND ITS SOLUTION.

X"HAX =0, X'(0)=0, X'(1) =0 — N = (jm)%, X;(x) = cos(jmx),j =0,1,2,3,....

T'(t) PROBLEMS AND ITS SOLUTION.

T +\T =0 — T(t) = e,

EXPANSION. -
u(x,t) = ag + Z aje” UM cos(jmz).
j=1
ORTHOGONALITY.
1 07 .] % k?
/ cos(jmzx) cos(kmz)dr =<1, j=k=0,
0 1 .

NON-HOMOGENEOUS INITIAL CONDITION.

[ee] 1 .
|y @ dz, j=0,
r=u(z,0) =ag+ a;cos(jmr - a; =< "9
(x,0) 0 ]21 j cos(jmx) j {2f011’COS(j7T[E) de
5 J=0,
=<0, j >0 even,
—(j;f)z, j >0 odd

FINAL ANSWER.

1 4 i e~ (=Dt gin((25 — 1))
2 g4 (25 —1)2 '

[Note: The solution in the back is in error in that it does not have zero coefficients when the
index is even.]
Lesson 7, # 4: (3 pts) Here we should start with considering cases A < 0, A = 0, and
A > 0. The boundary conditions do not allow nontrivial solutions if A > 0. For A = 0,

X(z) = 1z + 2 & BCs = X(z) =1,
while for A < 0,
X(z) = ¢ cos(VAx)+epsin(Vaz) & BCs =\ = (jm)% X,(x) = cos(jmz), j =1,2,3, ...
Thus the eigenvalues are \; = (jm)?, 7 =0,1,2,..., and X;(x) = cos(jmz), 7 =0,1,2,...



