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Abstract

In this paper the dynamic stability of the millipgocess is investigated through a
single degree-of-freedom model by determining tegians where chatter (unstable)
vibrations occur in the two-parameter space ofdipispeed and depth of cut. Dynamic
systems like milling are modeled by delay-differahtequations (DDEs) with time-
periodic coefficients. A new approximation techredor studying the stability properties
of such systems is presented. The approach is lasdte properties of Chebyshev
polynomials and a collocation expansion of the sotu The collocation points are the
extreme points of a Chebyshev polynomial of higbrde. Specific cutting force profiles
and stability charts are presented for the up-doowin-milling cases of one or two cutting

teeth and various immersion levels with linear aodlinear regenerative cutting forces.

The unstable regions due to both secondary Hopfflan¢beriod-doubling) bifurcations
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are found, and an in-depth investigation of thenogk stable immersion levels for down-

milling in the vicinity of where the average cugiforce changes sign is presented.

1. Introduction

One of the main obstacles to further advancememithhg is the challenge of
eliminating the regenerative vibrations commonlfieneed to ashatter Such vibrations,
which adversely affect tool life, process economasl surface integrity of the machined
product, are due to the regenerative mechanismutting the surface formed in the
previous cut. A stability chart is commonly usedrtdicate stable (chatter-free) cutting
as a function of the spindle speed and depth af lcdtas long been recognized that
substantial gains in productivity can be achievgdekploiting the lobed nature of the
stability chart, particularly at high speeds [1-Bhis has enabled manufacturers to avoid
chatter and to implement high speed machining witlkch success [4]. For machining
processes such as milling the regenerative efigpears in the mathematical model in
the form of atime-delay where the delay period is the time between ssooesuts of
adjacent cutting flutes. Unlike the turning proc@sswhich the cutting tool remains
stationary, the cutting tool in milling rotates lvitespect to the workpiece and produces
time-periodic coefficients as well as time-delaytie mathematical model, which is a
time-periodicdelay differential equatiofDDE) [5]. While analytical methods exist to
find the stability boundaries for DDEs with congtanefficients, in general the stability
criteria of periodic DDE systems cannot be givea itlosed form, and an approximation

method is needed.
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Minis and Yanushevsky [6] used Fourier series egjmms for periodic terms and
determined the Fourier coefficients of related paatic transfer functions. Altintas and
Budak [7] used a similar method except that thégimed only the constant term in each
Fourier series expansion of a periodic term. Dagtesl. [8] and Zhao and Balachandran
[9] examined how the periodic motions lost stapilituring partial immersion milling
operations. Daviest al. [10] presented experimental results for millingegiions with
long, slender endmills, which indicate that thesidaration of regenerative effects alone
may not be sufficient to explain loss of stabilify periodic motions for certain partial
immersion operations. Daviest al. [11] showed the existence of period-doubling
instability lobes along with the traditional Hopistability lobes in low-immersion
milling where the cutting time is negligible. Thanse results were later shown for finite
cutting times by Insperger and Stépan [12,13] uslirgsemi-discretization method [14]
and by Mannet al. [15-17] using the method of temporal finite eletse[iL8]. These
methods which lead to stability analysis of diserehaps, are not restricted to
infinitesimal times in the cut. Insperget al. [19] and Mannet al. [20] analyzed the
stability conditions for up- and down-milling op&ams using the semi-discretization
method. The authors restricted their study to glsinlegree-of-freedom milling model
with a linear cutting force and a single cuttingtto Subsequently, they found the chatter
frequencies for secondary Hopf bifurcations andigoedoubling bifurcations at the
stability boundaries [21]. Isolated islands of aislity due to the periodicity of the

process [22] or nonzero helix angles [23,24] hageently been discovered. Most
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recently, the milling process has been investigddedhe special cases of variable time-
delays [25], variable pitch [26], and state-dependegenerative delay [27].

The present work presents a new efficient approtiomaechnique for stability
analysis of the partial immersion milling procesthe method uses a collocation
expansion of the solution at the Chebyshev collongboints during the cutting period,
and a state transition matrix for the free-vibrateriod where no cutting occurs. This
method is an extension of the Chebyshev-based mcahenethods developed by Sinha
and Wu [28] for the stability analysis of time-pmtic ODEs and by Butchet al. [29]
for the stability analysis of time-periodic DDEstlwismooth coefficients by Chebyshev
polynomial expansion. However, the collocation noetiproposed here is more efficient
than the earlier method of polynomial expansionlikénthat method, it can easily be
applied to periodic DDEs with non-smooth coeffi¢grin which a portion of the period
corresponds to an autonomous ODE.

Collocation methods appear in the literature fotvisg DDE initial value
problems [30, 31] and for finding periodic solutsoaf nonlinear DDEs [32]. The use of
such methods for addressing DDE stability probléesrexplored in [33, 34]. The method
of this paper has several advantages for stalplioblems, however. First of all, an
explicit method for approximating the compact mamoay operator [35] is proposed.
Secondly, the action of the spectral differentiatraatrix, and thus of the approximate
monodromy operator, can be computed by a modifinatif the Fast Fourier Transform
[36]. Next, the exact solution during the periodnhich the coefficients of the time-delay

vanish is utilized in a similar way to [15-17]. Bity, computable uniform error bounds
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on the error in the solution and also the erradh@gapproximate Floquet multipliers have
been found [37], and a sketch of ampriori proof of convergence for the method has
been given [38]. The proposed method easily extémdsstems with many degrees of
freedom, and it produces stability charts with hgpeed and accuracy for a given
parameter range. Other than a preliminary versfahis work in [39], this algorithm has
also been recently used for dimensional reductionoalinear periodic DDEs [40], and
for parameter estimation in nonlinear time-vary@®pEs [41].

In this paper, specific cutting force profiles astdbility charts are produced for
the cases of up-milling and down-milling with one two cutting teeth and various
immersion levels with linear and nonlinear regetieeacutting forces. The unstable
regions due to both secondary Hopf and flip biftimes are found, and an in-depth
investigation of the optimal stable immersion lela@l down-milling (where the average
cutting force changes from negative to positive] @a implication for increased cutting
efficiency in the milling process is presented. Tésulting differences between assuming

linear versus nonlinear regenerative cutting foareshighlighted.

2. Chebyshev Collocation Method

The Chebyshev collocation method is based on tbpepties of the Chebyshev
polynomials. The standard formula to obtain the I§sbBev polynomial of degreg

which is denoted by (t) is

T,(t) =cosjg, g=arccos( ), - 1£ t£ 1 (1)
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The Chebyshev collocation pointare unevenly spaced points in the domain [-1,1]
corresponding to the extreme points of the Chebygodynomial of degreeN 3 1. As
seen in Fig. 1a), these points are the projectodn® +1 equispaced points on the upper
half of the unit circle:

t, =cos(jp IN), j=0,1,...... N (2)

A spectral differentiation matrix for the Chebyshmllocation points is obtained
by interpolating a polynomial through the colloocati points, differentiating that
polynomial, and then evaluating the resulting polyinal at the collocation points [36].
We can describe the entries of the differentiativettrix D for any ordem as follows:

For eachN 3 1, let the rows and columns of th@&N +1)" (N+ 1) Chebyshev spectral

differentiation matrixD be indexed from O tdl. The entries of this matrix are

2N +1 2N?+1
Doo = 6 D =- 6
D =1 j=1 N-1 (3)
T &) j=1,...... ,
_ i+j
D,J:&(l) , it g,L,j=0,.... ,N
Cj (t' tj)
Lo 2 i =0,N
| otherwise

The dimension ofD is (N+1)" (N+ 1). Since we will need a spectral differentiation

matrix for systems oh equations, let th¢N +1)n” (N+ 1)n differentiation matrix  be

defined as
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=DAI, (4)
wherel ., is then” n identity matrix andA represents the Kronecker product.

Now consider a system aflinear, time periodic DDEs with fixed delay> 0,

X(t) = A XY+ B X t-£)
x() =F(t), 4 E£tEO

)
where x(t) is an” 1 state vector,A(t) = A(t+T)andB(t) = B(t+T) are n” n periodic
matrices, and (t) is ann” 1 initial vector function in the intervdt #,0] . Here, we only

consider the case where=T (which holds for the milling model). However, thergion
of the Chebyshev collocation code in [42] also edteto the case of multiple discrete
delays which are rationally related to each otimet @ the period.

Unfortunately, because the system matrices in(Eqvary with time, it is not
possible to obtain an exponential-polynomial chiamastic equation as in an autonomous
DDE. As in a periodic ODE, however, a dynamic magy be defined as

m, (i) =Umy(i- 1). (6)
that maps the initial vector functiof(t) in the interval[- #,0] to the state of the system

in the first period0,7], and subsequently to each period thereafter. Hereepresents

an expansion of the solutiax(t) in some basis during either the current or previou

period andm, (OF m represents the expansion 6ft). Dropping the subscript, the
expansion of the state in the first perifidz] is thusm =Um. However, a primary

difference between the ODE case and the DDE ca®igshe monodromy operatbr

for the DDE is infinite dimensional [35]. Thus,etltondition for asymptotic stability
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requires that the infinite number of characteristigltipliers, or eigenvalues &, must
have a modulus of less than one. In general, hawetves impossible to find all
eigenvalues of the infinite dimensiond). We use the Chebyshev collocation
approximation method to approximdteby a matrix of finite dimension, whose spectral
radius approximately decides the stability. Becaafsthe compactness of operatdy all

of the neglected eigenvalues are clustered abaubtlyin assuming thail is large
enough so that solutions of the DDE are well-appnaexed [37]. Thus the neglected
eigenvalues do not influence the stability.

Now let us approximate equation (5) using the Chbby collocation method, in
which the approximate solution is describeditsyalues at the collocation points in any
given interval (Note that for a collocation expansion on anrwaeof lengthT =¢, the
standard interval [-1,1] for the Chebyshev polynaisiis easily rescaled). As shown in

Fig. 1b), letm be the set oN + 1 values ofx(t) in the intervaltl [0,T] and m, be the

set ofN + 1 values of the initial functiori(t) in tT { T,0]. Recalling that the points are
numbered right to left by convention, the matchoogdition in Fig. 1b) is seen to be that
m,, = M, . (This will be modified later to account for arjpel of free vibration between

cuts of successive teeth.) As this also appliesafor two successive periods, writing
equation (5) in the algebraic form representing @teebyshev collocation expansion

vectorsm_, andm, we obtain

A A

Dm = M,m+ M, m, (7)
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The (N+1)n” (N+ 1)n D matrix is obtained from by 1) scaling to account for the
shift [ 1,1] [0, T] by multiplying the resulting matrix by/2, and 2) modifying the last
rows as [0, O, .. I,] where @ and I, are n" n null and identity matrices,
respectively, in order to enforce the matching conditions. The pattern of the

(N +2)n” (N+ 1)n product operational matrik?lA corresponding toA(t) is
Alt)

At)
i, - A(t,) ©

Alty.1)
00 0, Q 0, QO

n n n n n

where A(t) is calculated at thé" collocation point. Similarly, the product operatib

matrix corresponding to matrig(t) is

B(t)

B(t)
M, = o) 9)

B(ty..)

0 0

n n

Here the hat (*) above the operator refers to #doe that the matrices are modified by
altering the lash rows to account for the matching conditions. (Tlhematrix in |\7IB

will be modified later to account for a period oéé vibration.)
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Therefore, sincdJ is defined as the mapping of the solution at tbéocation
points to successive intervals ag =Um_,, we obtain an approximation to the

monodromy operator in equation (6) by using equeafi9:

-1

U= D-M, M, (10)

Alternatively, the inversion of D- I\7IA can be avoided by setting the determinant of

A A~

{MB - m D- M, }to zero, wherem is a Floquet multiplier. It is seen thatNf+ 1 is

the number of collocation points in each intervadl a is the order of the original delay
differential equation, then the size of tbhematrix (whose eigenvalues approximate the

Floquet multipliers which have largest absoluteuea) will be (N +1)n” (N+ 1)n. We

can achieve higher accuracy for the Floquet mudtiplby increasing the value Nf

3. Milling Model

Here, we analyze a single degree-of-freedom zelim-trélling model with linear
or nonlinear regenerative cutting force for mukiglutting teeth in both up- and down-
milling directions. This model has also been apatlyin [19-21] while higher degree-of-
freedom versions were considered in [15-17], foaregle. The tool is assumed to be
flexible in thex-direction only. A summation of cutting forces acfion the tool produces
the equation of motion

X(t) + 22w X(1) + uf x(t) :FT(t) (11)
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wherem is the massz is the damping ratiow, is the natural angular frequency, aRd

is the cutting force in the-direction.
According to Fig. 2a), the& component of the cutting force on tp tooth is

given by

Fo() =9,(0(- F(Y)cosg, ¢} F,¢)sing, ¢).

Fo(t) = Kb(w, ()%, F,(t) = K b(w, (D) (12)
where g () acts as a switching function. It is equal to ohthe p" tooth is actively

cutting and zero if it is not cutting as defineddatry and exit angles which are specific

to the cases of up- and down-milling (to be dised¥sg, (t)is the angle of the™"

cutting tooth as it rotates. The tangential andmadrcutting force components are the

products of the tangential and normal linearizedtimy coefficients K, and K,
respectively, the nominal depth of dut and theqth power of the instantaneous chip
width w,(t) = fsing, (t)+[x(t) - X(t #)]sing, (t), which depends on the feed per tooth
f , the cutter anglg, (t), and the current and delayed tool position acegrth Fig. 2b).
t = 60/(2V\/) [s] is the tooth pass period in seconds whétés the spindle speed given in

rpm, z is the number of teeth, amfis an exponent which is equal to one for a linear
cutting force or less than one for a nonlineariogtforce [13, 21].

The substitution ofw, (t) into equation (12), expanding the result in a ®ayl

series, linearizing about the feed per tdptubstituting the result into equation (11), and

summing over the total numbeof cutting teeth yields
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x(t) + 2z x(t) + w2 x() = - 29O g s g
m (13)

z

rEn ] K.g,(t)[cosg, t )} tang sing, ()11‘ sing, '()q

where

h(t)= ~ K.g,(Dlcosq, )+ tang sing, ()f sing, () (14)

p=1
is the ¢ —periodic specific cutting force variatidang =K, /K, (see Fig. 2a)), and the
angular position of the tool ig, (t) = (20W/ 60} +2p (p - 1)/z. The solution is assumed
of the form x(t) =X(t) +x(t) where X(t) =X(t+¢) is a ¢ -periodic solution that solves
equation (13) and represents the unperturbed, iehlmotion when no self-excited
vibrations arise, and(t) is the perturbation. Substitution of the assumadt®n into

equation (13) and the elimination of terms invodyixi(t) yields
X0+ 220 X0+ WX = - S [0 (e ) (15)

whereb = bgf®* is the normalized depth of cut. Equation (15)hs tinear variational
DDE model of the milling process used for stabilitiyalysis. Stability of thex(t) =0
solution implies the stability of the chatter-frgeriodic motionX(t) .

The relationship between the direction of tool tiota and the feed defines two
types of partial immersion milling operations: ugtmg and down-milling (Fig. 3). Both
operations work in a similar way except for the mamin which the rotation of the
cutting tool is oriented with respect to the directof the feed. However, the dynamics
and stability properties are different. Partial iersion milling operations are
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characterized the radial immersion rat@dD’, wherea is the radial depth of cut aridl
the diameter of the tool, as well as the percenetr in the cut for a full revolution of

the tool. The specific cutting force variation esiwith up- and down-milling as it
depends on the entry and exit angles of contaat.th up-milling partial immersion
case, the first tooth starts cutting at 0° and deaat some exit angle less than 180°.
Contrary to this, for the down-milling partial imnseéon case, the first tooth starts cutting
at some entry angle greater than 0° and exits@% P&iditional teeth have angles shifted

by integer multiples oRp /z. The specific cutting force variatidr(t) in equation (14)
depends on the screen functigp(t) which is defined ag, (1) =1 if g, <q, < qpex“
while g,(t) =0 otherwise. The entry and exit angles can be fofioth Fig. 3 as
g, =2p(p- 1)/z and g,>" =cos' (1-& D )+ P @- 1)/z for up-milling, while for
down-milling the angles are qp‘”“e’:cos;1 (&a/D-1¥ P 1Dz and
qpex“ =p@A+2(p- 1)/z). The percent time in the cut for all teeth comdimethus given
as the difference between the entry and exit angdesalized to a full period times the
total number of teeth as = zcos*(1- 2 /D) /(2 .

If the percent time in the cut is less than 10()%< 1) then there is a period of
free vibration between successive cuts correspgntiinthe systemx= A Xx where
A = At) in equation (5) wher(t) =0. (Note also thaB(t) =0 in this case). When we
apply the Chebyshev collocation method to equafid), we rescale the Chebyshev

collocation points to account for the shjft1, ® [0, 7 ], doing the same for matrix
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D in equation (7) by multiplying by 2/(r¢t ). The state transition matrik (t)= e
of free vibration can easily be found, from whidhme tmatching condition between

successive intervals becomeas, =F ((1- ry ) m, as shown in Fig. 4. Therefore, the
lastn rows of M, in equation (9) are modified ta (@ ry) 0, .. Q.
If r =1 so that the teeth are cutting for the entire ge guch as the case of

100% immersion for two teeth in Fig. 8), thér(O): | and the lash rows of |\7IB are as

in the equation (9). The case of multiple engagethtwith » >1 is not considered here,

but will be analyzed in a future work.

4. Stability Charts and Numerical Simulations

Specific cutting forces and corresponding stabitityarts calculated by using the
Chebyshev collocation method for up-milling and demilling processes with 25%,
50%, 75% and 100% immersion ratios are shown in %igrg=1 (linear cutting force)

and a single cutting tooth. The parameters usembtstruct the stability charts ane=
2.573 kg,z =0.0032 w, =920.02 rad/s, K, =1.65x16 N/m?* and K, =5.5x.G N/m?,
so thattang = 0.2. The mean values di(t) for a full rotation are all positive except for

the down-milling cases of 25% and 50% immersionelev Stability charts are
constructed with parameters being the spindle spade(tanging from 2000 to 25000

rpm) and the depth of cult (ranging from 0 to 5 mm). The dimension of the nxat
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approximating the monodromy operator for all case25  25. The (V\/,b) plane is

discretized into 8800 30C grid.
The stability analysis is based on the determinatibthe relevant characteristic
multipliers using the collocation method. We usiifigiation theory to explain the type of

instability. For m=1 (fold bifurcation), it can be shown that thisuocation cannot occur
in the milling equation [19,21,22]. For secondargpfibifurcation (indicated by an “H”

in the stability charts),m is complex With|n}7=1, while m=-1 for flip or period-

doubling bifurcation (indicated by a “P” in the ity charts). All regions below the
stability curves are stable (i.e. chatter free)tha up-milling case (see the first and the
second rows), the relative orientation of Hopf diija regions remains the same for all
immersion ratios. For full immersion, the cuttintyde equals zero (i.e. the system has
free vibration) for half of the period, because sheface of the tool-workpiece interaction
becomes a semi-cylinder (as seen in Fig. 3). Rdhab time the force is negative, which
can be explained by the fact that the cutter andmbrkpiece move in the same direction.
For a low immersion ratio, the force is always pws| while it begins to include a
negative portion foa/D slightly below 0.75. In the case of down-millingeé the third
and fourth rows), on the contrary, the force isaglgvnegative for low immersion ratios,
for the reason explained above, while &D slightly below 50% it begins to include a
positive portion. The mean value of the force foe Eentire period changes sign and
becomes positive betwearD = 50 and 75%. The specific cutting force is th@esas in
the up-milling case at the 100% immersion ratioe Thost distinctive feature about the

stability charts is the near disappearance of tisalle Hopf lobes for the down-milling
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case of 75% immersion, while the Hopf lobes for 5@%& 100% immersion cases
change their relative orientation with respectite flip regions. This peculiar feature will
be discussed in greater detalil.

In order to investigate this phenomenon closer, &sd to verify the accuracy of
the stability results, we compute the response oatr fparameter points for three
immersion levels using the MATLAB numerical integoa routine DDE23 [43] on
equation (13). If the response goes to a finite lange oscillation (the nominal chatter-
free motion) as time goes to infinity, then theteys is said to be stable at the given
parameter points; otherwise if the response growlowt bound it is unstable due to
either secondary Hopf or flip bifurcation. Our finclusion is that the results shown in
Fig. 6 agree with the stability charts obtainedlsy collocation method. If we denote the
stability of a parameter point by S, and of indigbiby U, then each of the four
parameter points A, B, C, D are stable or unstaliile respect to the following patterns:
A(SSU), B(UUS), C(SUU), D(USS). It can be seen thatstability characteristics of all
four parameter points reverses between 65% andi@@@ersion levels. While this is not
surprising for points A and D due to the fact ttis# Hopf lobe switches locations (as
also seen in Fig. 5), it is seen that points B @nslvitch stability characteristics as well
due to a slight shift in the boundary of the flipubcation lobe. While each of the three
immersion levels results in two stable and two alpist cases for the specific parameter
points chosen, it is clearly seen that the 73% irsmoa level results in the greatest stable
region of the parameter plane. Clearly, there igtarval of optimal immersion ratios for

a maximum area of stable regions in the paramédeep
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In Fig. 7, we plot stability diagrams for fourteenmersion ratios between 0.65

and 0.78 withtang = 0.2 andg=1. As can be seen, the major Hopf lobe at theidyt-

hand side shrinks such that it rises abbwve2 mm bya/D = 0.67, and above =5 mm
by a/D = 0.70. At the immersion ratio between 70% and Béte is no major Hopf lobe
to the right or left of the major flip lobe whick at 17,500 rpm (compare with Figs. 5-6),
while for 74% immersion the Hopf lobe suddenly aggeto the left of the flip lobe. A
further increase in the immersion level subseqyerdlises the lobe to drop even lower,
dropping belowb = 2 mm near 78% immersion. Thus these immersitiosra&an be
considered to bound anterval of optimal stable immersion levefs which the major
Hopf lobe completely vanishes and where the boueslatepend on the depth of cut. If
the cutting depth is small, the optimal intervalimimersion ratios is larger, while for
larger cutting depths it is smaller. It should beenl that these optimal stable intervals

also depend on the value @ng as well as the nonlinear expongras will be shown.

Figs. 8-10 show specific cutting forces, stabilttyarts, numerical simulations,
and optimal stable immersion levels similar to Fig¥ but for the case of two teeth and
a nonlinear cutting force with a nonlinear expon&fig=0.75. Many features, such as the
jump of the Hopf lobe near 75% immersion for dowiling in Fig. 8, the reversal in
stability for all four parameter points A(SSU), B{S), C(SUU), and D(USS).in Fig. 9,
and the interval of optimal stable immersion leviels=ig. 10, are very similar to the
previous case of a single tooth and linear cuttorge. It can be concluded that these
features probably exist for a wide range in the bemof teeth or the cutting force

nonlinearity exponent.
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5. Analysis of Optimal Stable Immersion Levels

In order to help explain the stability charactécstseen above, the average value

of h(t) over a full period of rotation of the tool for mgle tooth can be found as

exit

T q
<h(t) >=% h(t) dt _Ke (cosg + tang sing )sifhgdg (16)

0 enter

q

Using the entry and exit angles given in secti@n@ settingy = 1 (linear cutting force),

the average specific cutting force for up-millirsg i

<h®>_1 22,2 +tangéco's1 1 2+ A a8 (17)
K 20 D~ D 2 D D D

while for down-milling it is

D
<h®>_1 ,a, 6 a tang 2 leoog 2 4 £ ]2 2 (18)
K. 2p D D 2 2 D D b D

These are plotted for three different valuestarig in Fig. 11. It is seen fon/ D>0
and tang > 0, that <(t)> is always positive for up-milling. For down-miily <h(t)> is
negative fora/ D less than a critical value (which dependstang) and is positive for

a/ D greater than this value. It should be noted wWiate multiple teeth would alter the
average cutting force, the immersion ratio wheis #ero for down-milling would be the
same.

In Fig. 12b a stability chart is shown for the cadea single tooth with 100%
immersion (in which up- and down-milling are ideati), including the negativie axis,
for g=1. The concept of negative depth of cut allowsiraple way to visualize the

unusual behavior of the Hopf lobe as the averagnguforce changes sign as noted in
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[19]. The lower portion of the figure (i.e. negatb axis) has the same orientation of the
Hopf and flip lobes that are observed in the dowling cases of 69% and lower
immersion levels in which k{t)> is negative (except that they are upside dowim).
addition, the slight change in the flip lobe boumes observed in Fig. 6 can be seen
clearly.

A method to analytically approximate the optim@lde immersion levels works
as follows. This approximation basically redudes milling problem to that of turning
with h(t) replaced with its average value. First, tempbraonsider the turning process
for which the cutting force is constant and alltbé unstable lobes are due to Hopf
bifurcation in which a pair of eigenvalues atgv at the stability boundary. It is well-

known that the stability boundaries can be obtape@metrically in terms ofv as [22]

muw? (W - 1)+ 4z°wA W w .

n W = n i=1,2,... (19)
K 2w - 1) i+ Lan W -1

P 2zw

b=

wherek; is the cutting stiffness. Here, the average regttorce $(t)> is used in place of
ki. The minimum values of these lobes are obtaimedh fdifferentiating the first of

equations (19) with respect o, setting the result to zero, and solving fer The two
positive solutions are given by=./1+27 . Substitution of these back into the first of

equations (19) yields the two values of

_ g
b= <> 2z(z £1) (20)
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although only the positive value is usually givelRor 100% immersion and tan= 0.3
equation (18) yieldsh{t)> = 0.075K, (see Fig. 12a) such that equation (20) resulbs in

= 0.3390, -0.3368 mm. In Fig. 12b horizontal lirlme shown at these values which
approximate the minima and maxima of the Hopf lobms positive and negativée
values, respectively.

For the sake of completion, we also show six csieproximating the minima
and maxima of the period-doubling lobes in Fig..1dlhese were obtained by assuming
a piecewise constant cutting force with three posicorresponding to the averages of

the positive and negative parts loft)/ K, (0.418492 and -0.240827, respectively) along
with the interval of free vibration where(t) =0 as shown in Fig. 12a. An extension of
the formula for the minima of the flip lobes in thase of interrupted turning shown in

[22, equation (38c)] to the present case can bgatbas

mn? (1- 2%)(explt 120w, W)- )

b= K. 2(a- bexpt 120w, W))

(21)

where @ p )= (0.418492,0),(0.418492, 0.24082},(024082) corresponds to the

three discontinuous jumps in Fig. 12a. The usgtdfinside the exponentials results in
three curves each for positive and negalivd he period doubling lobes near 17,500 rpm

for both positive and negative correspond to the firsa,6) pair above, while those

near 6000 rpm and 3500 rpm correspond to the see third (a,b6) pairs,
respectively. Equation (21) reduces to equatiddc)3n [22] whena =mw’/ K, =1,

b =0, anormalized speed is utilized, and the (+)sisdlin the exponentials.
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To find the optimal stable immersion levels in demilling for a specific cutting
depth, equations (20) and (18) are solved numéyitad the two immersion levels that
bound the optimal stable region for a specific eabfi tang Care must be taken so that
the root corresponding to negative(¥> is the greater of the two. In Fig. 13a, the two
sets of immersion levels corresponding to doth2 mm and 5 mm are shown along with
the root of f(t)>=0 for a limited range of tagfrom 0.2 to 0.4 fog=1. Thus, for a
cutting depth approximately less than or equahtsé¢ cutting depthshe use of down-
milling with an immersion level within the givengien results in the maximum stable
region in which the major Hopf lobes do not affén stability, as was shown in Fig. 7.

In order to see the effect of a nonlinear reganerautting force g¢<1) on the
optimal stable immersion levels, equations (20) &) must be solved numerically.
Fig. 13b shows the critical immersion levels fon@nlinear exponent=0.75. When
compared with the linear cutting force case in BEi@g, it is seen that for given values of
tan g,the critical immersion levels have increased by%2-3In addition the optimal
stability window for a given cutting depth has blg narrowed. This inverse
relationship between the critical immersion levedl ahe nonlinear exponent is also seen
in Fig. 14 in which the average cutting forces tipr and down-milling in equation (16)
are plotted versus the immersion ratio for thrdéedint values of the nonlinear cutting
exponentg. It is clearly seen here that a decreasg @rresponds to an increase in the
root for the down-milling &(t)>. It should be noted that while the effects oarmfing
the nonlinear exponenton stability charts are usually uniform, theré¢his possibility of

a drastic change in stability for down-milling ihet vicinity of the critical immersion
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level. This is seen in Fig. 15 for a single toatithtang = 0.3, a/D = 76%, and both

linear and nonlinear (with=0.8, 0.6, 0.4) cutting forces, in which stabiigyincreased in

some regions and decreased in others.

6. Conclusions

In this paper, a new approximation technique whisés a collocation expansion
at the Chebyshev collocation points was proposethfostability analysis of linear time-
periodic delay-differential equations, and of agindegree-of-freedom model for the
milling process in particular. In this method, thierivatives of functions are
approximated by introducing the spectral differatidn matrix. The stability analysis is
based on discretization of the infinite-dimensiomabnodromy operator and the
computation of its eigenvalues, which exponentiatbpnverge to the exact Floquet
multipliers as the number of collocation pointdnsreased. The main advantage of the
method is that it can be accurately applied tosystems of delay differential equations
with non-smooth coefficients such as partial imnoeramilling by utilizing the exact
solution during the interval of free vibration inhigh the coefficients vanish, thus
producing stability charts with high speed and aacyin a given parameter range.

The milling model analyzed here was a single degfdeeedom zero helix
model with multiple cutting teeth for up- and doewrlling with linear or nonlinear
cutting force and arbitrary immersion ratio. Theedfic cutting force variations
throughout one period of tool rotation and the esponding stability charts were shown

for various cases. The types of instability which eharacteristic for this process are the
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secondary Hopf and flip (period-doubling) typeswis shown that in the up-milling
case, the relative orientation of Hopf and flipiceg remains the same for all immersion
ratios, whereas it changes in the case of downngikt an immersion ratio near 75%

which depends on the ratio of the normal to tangenttting stiffnesses (tay) and the

nonlinearity exponent for the regenerative cuttifogce. It was shown that this
phenomenon results from a change in the sign ohv¥lkeage specific cutting force, which
is unigue to down-milling, and results in an in&ref optimal stable immersion levels in
which the major unstable Hopf lobe completely vhag for an interval of immersion
ratios which depends on the depth of cut. The lialbharts obtained by the collocation
method agree with the numerical simulations produngthe MATLAB routine DDE23
and with the previous results in the literaturer ferification of the collocation results
and to determine the bounds of the interval ofdpgmal stable immersion levels, the
average value of the specific cutting force forhbap- and down-milling cases was
computed analytically for the case of a lineariogtforce, and numerically for the case
of a nonlinear cutting force. Comparisons of tlkesulfts using linear and nonlinear
cutting forces indicate that the optimal stabilityndow is higher (in terms of immersion
level) and slightly narrower for a nonlinear cugtiforce, and that in special cases a
change in the nonlinear exponent can drasticalér #he stability chart for down-milling.
Plans for extension of the present work includeiaaysis of the case of multiple
engaged teeth in which >1, and a detailed study of the parametrically-induperiod-
doubling islands of instability (shown in [22] farterrupted turning and in [23, 24] for

milling with a nonzero helix angle), for which edua (21) in this paper introduces a
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new formula for the approximate lower bounds oftingt depth for partial-immersion

milling.
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Figure 1. Diagrams of a) Chebyshev collocation {soas defined by projections from the

unit circle and b) collocation vectors on successntervals.
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Figure 2. Geometry of a) cutting forces and b) fpedtooth.
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Figure 3. lllustrations of (a) up-milling and (bywn-milling.
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Figure 4. Chebyshev collocation expansion of thecsig cutting forceh(t) and
collocation vectors on successive intervals ofgblitionx(t) for the case of a period of

free vibration.
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Figure 5. Specific cutting forces and stability kh&or up-milling (rows 1 and 2) and

down-milling (rows 3 and 4) for one cutting toothdaimmersion ratios o&/D = 0.25,

0.5, 0.75, and 1g = 1 (linear cutting force)
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Figure 6. DDE23 simulations of equation (13) fore tHour parameter points
A(13000,3.5), B(16800,3.5), C(18000,3.5), D(2300®),For down-milling, one tooth,

and g =1 (linear cutting force).
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Figure 7. Optimal stable immersion levels for domiling, one cutting tooth,

tang= 0.3, for =1 (linear cutting force).
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Figure 8. Specific cutting forces and stability kh&or up-milling (rows 1 and 2) and
down-milling (rows 3 and 4) for two cutting teethdaimmersion ratios ad/D=0.25, 0.5,

0.75, and 1¢ = 0.75 (nonlinear cutting force).
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Figure 9. DDE23 simulations of equation (13) foe four parameter points A(5000,3.5),
B(7250,3.5), C(9750,3.5), D(12000,3.5) for downimg, two cutting teeth, and

g =0.75(nonlinear cutting force).
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Figure 10. Optimal stable immersion levels for dewitling, tang = 0.3, two cutting

teeth, andg =0.75 (nonlinear cutting force).
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Figure 11. Average cutting forces for up- (top @rand down- (bottom curve) milling

for a single tooth withitang = 0.2Z (dashed), 0.3 (solid), and 0.38 (dotted).
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Figure 12. a) Specific cutting force profile fafD = 1.00 with two ways of averaging:

throughout the entire period (long-dashed line) mste the positive and negative parts
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separately (short-dashed line). b) The correspansiiability chart illustrating a negative
depth of cut. The dashed lines are estimates ofriméma/maxima of the Hopf lobes
obtained from averaging over the period while tlodtedl curves are corresponding

estimates for the period-doubling lobes obtainedguthe second averaging method.
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Figure 13. Immersion ratio wherh(t)) =0 (solid) and(h(t)) =2mufz(z +1) /b for
down-milling versustang (dashed forb=5 mm; dotted forb=2 mm) for a single

tooth with a)q = 1 (linear cutting force); g = 0.75 (nonlinear cutting force).
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Figure 14. Average cutting force for up- (top cyraad down- (bottom curve) milling

for tang = 0.3 a single tooth, the linear case q = 1 (dasheu) tlae nonlinear cases q =

0.75 (solid) and g = 0.5 (dotted).
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Figure 15. Stability charts for down-milling fotang= 0.3, a single tooth, 76%

immersion ratio, and ay =1, b) g=0.8,c) q=0.6, d) g=0.4.
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