
F200X Calculus I: Worksheet 9 April 1, 2008

1. Consider the functionf(x) = x/(x3 +16). Find the critical points off and use the First
Derivative Test to determine if each critical point is a local minimum, local maximum,
or neither.

Solution:
Taking the derivative off gives us:

f ′(x) =
(x3 + 16) − x(3x2)

(x3 + 16)2
=

−2x3 + 16

(x3 + 16)2
.

The critical points are the pointsx wheref(x) equals zero or is undefined. This will
occur where−2x3 + 16 = 0, or wherex3 + 16 = 0. So the critical points arex =
2,−2

√
2

Applying the first derivative test, aroundx = −2
√

2, we see thatf ′(x) > 0. At x =
√

2,
we seef ′(x) goes from being positive to negative. Sox =

√
2 is a local maximum, and

x = −2
√

x is neither a local maximum or minimum.

2. Consider the functionf(t) = t2 + 1/t + 1. Find the critical points off and use the
Second Derivative Test to determine if each critical point is a local minimum, local
maximum, or neither. Also, find the points of inflection off(t).

Solution:
Taking the derivative off gives us:

f ′(t) =
2t(t + 1) − (t2 + 1)(1)

(t + 1)2
=

t2 + 2t − 1

(t + 1)2
.

The critical points are the pointst wheret2 + 2t − 1 = 0 andt + 1 = 0. So the critical
points aret = −1 −

√
2,−1, and−1 +

√
2

We next find the second derivative off :

f ′′(t) =
(2t + 2)(t + 1)2 − (t2 + 2t − 1)[2(t + 1)]

(t + 1)4

=
(2t + 2)(t + 1) − 2(t2 + 2t − 1)

(t + 1)3

=
2t2 + 4t + 2 − 2t2 − 4t + 2

(t + 1)3

=
4

(t + 1)3
.

We can see thatf ′′(−1 +
√

2) > 0, sof has a local minimum att = −1 +
√

2, and
f ′′(−1 −

√
2) < 0, so f has a local maximum att = −1 −

√
2. While f ′′(−1) is

undefined, we do see thatf changes concavity at that point, sincef ′′(t) < 0 for t < −1
andf ′′(t) > 0 for t > −1.
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3. Consider the functionf(x) = e−x
2

.

a) Where isf(x) positive? Negative? Equal to zero?

Solution:
f(x) > 0 for all values ofx.

b) What isf(0)?

Solution:
f(0) = e0 = 1.

c) On what intervals isf increasing? Decreasing?

Solution:
Taking the derivative off gives us

f ′(x) = −2xe−x
2

.

So f ′(x) > 0, and thereforef(x) is increasing, wherex < 0. f ′(x) < 0, and
thereforef(x) is decreasing, wherex > 0.

d) What are the critical points off(x)?

Solution:
The critical points off(x) occur wheref ′(x) = 0, or wherex = 0.

e) On what intervals isf concave up? Concave down?

Solution:
Taking the derivative off ′(x) gives us:

f ′′(x) = 4x2e−x
2 − 2e−x

2

= (4x2 − 2)e−x
2

.

So the function will be concave down where4x2 − 2 < 0, or on the interval
(−1/

√
2, 1/

√
2). The function will be concave up where4x2 − 2 > 0, or on the

intervals(−∞,−1/
√

2) and(1/
√

2,∞).

f) What are the points of inflection off?

Solution:
The inflection points off occur wheref ′′(x) = 0, or atx = ±1/

√
2.

g) What islim
x→∞ e−x

2

?

Solution:
Notice that

f(x) = e−x
2

=
1

ex
2
.

Sinceex
2 → ∞ asx → ∞, thenlim

x→∞ f(x) = 0.

2
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h) What islim
x→−∞ e−x

2

?

Solution:
Notice

f(−x) = e−(−x)2 = e−x
2

= f(x).

So this function is even. Therefore,lim
x→−∞ f(x) = lim

x→∞ f(x) = 0.

i) Use the wealth of information you have found to sketch the graph off(x).

Solution:

x
K4 K2 0 2 4

0.2

0.4

0.6

0.8

1.0

4. Consider the functionf(x) = x5 − 5x.

a) Where isf(x) positive? Negative? Equal to zero?

Solution:
Notice

f(x) = x(x4 − 5).

From this, we can seef(x) = 0 wherex = 0,− 4
√

5, 4
√

5. We seef(x) < 0 on
(−∞,− 4

√
5) and(0, 4

√
5), andf(x) > 0 on (− 4

√
5, 0) and( 4

√
5,∞).

b) What isf(0)?

Solution:
As we just showed,f(0) = 0.

c) On what intervals isf increasing? Decreasing?

Solution:
Differentiatingf gives us

f ′(x) = 5x4 − 5.

3
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The functionf is increasing wheref ′(x) > 0, or whenx4 > 1. This will occur on
the intervals(−∞,−1) and(1,∞). The functionf is decreasing wheref ′(x) <
0, or on the interval(−1, 1).

d) What are the critical points off(x)?

Solution:
The critical points off occur wheref ′(x) = 0, or wherex = −1, 1.

e) On what intervals isf concave up? Concave down?

Solution:
Differentiatingf ′(x) gives us

f ′′(x) = 20x3.

We knowf is concave up wheref ′′(x) > 0, or wherex > 0. f is concave down,
wheref ′′(x) < 0, or wherex < 0.

f) What are the points of inflection off?

Solution:
The inflections points off occur wheref ′′(x) = 0, or wherex = 0.

g) What islim
x→∞ x5 − 5x?

Solution:
lim

x→∞ x5 − 5x = ∞.

h) What islim
x→−∞ x5 − 5x?

Solution:
Notice

f(−x) = (−x)5 − 5(−x) = −(x5 − 5x) = −f(x).

Sof is an odd function. Thus,lim
x→−∞ f(x) = − lim

x→∞ f(x) = −∞.

i) Use the wealth of information you have found to sketch the graph off(x).

Solution:

x
K2 K1 0 1 2

y

K10

K5

5

10
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